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■ ■ , Abstract 

H 

*^ • This article, complement to the article [Que] , deals with some generalizations of Futwangler's 

theorems for the second case of Fermat's Last Theorem (FLT2). Let p be an odd prime, C 
a pth primitive root of unity, K := Q(C) and C£k the class group of K. A prime q is said 
C^ I p-principal if the class cixi^iK) & C£k of any prime ideal qx of Zk over q is the pth power 

of a class. Assume that FLT2 fails for (p,x,y,z) where x,y,z are mutually coprime integers, 
p divides y and x^ + y^ + z^ = 0. 

Let q be a prime dividing (x+ )( +z')(z+z) ^^'^ 1^ ^^ ^'^y prime ideal of K over g. 
^ , We obtain the p-power residue symbols relations 



m ^(^ for, = l,...,p-L 

^+ I As an application, we prove that: if Vandiver's conjecture holds for p then g is a p-principal 

^^ ■ prime. 

^^ ' Similarly, let q be a prime dividing dividing Jx- )( -l)(z-x)^ ^^"^ 1^ ^^ ^^"^ prime 

ideal of X over q dividing {x( — y) {zQ — y) {xC, — z). We give an explicit formula for the p-power 
residue symbols yjr-ji^ for a-U k with 1 < fc < ^^, where e/c is the cyclotomic unit given by 

><: e. =: C(i-^)/2; ^". 

^ ' The principle of proofs rely on the p-Hilbert class field theory. 
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1 Introduction 

1.1 General notations and definitions 

• Let p > 3 be a prime, Q := e p , K := (Q)(C) the pth cyclotomic number field, Zk the ring 
of integers of K, and p = (1 — C)'^K the prime ideal of Zk over p. Let g := Gal (if /Q), for 
k ^ mod p and Sk ■ C ^ C'^ the p — 1 distinct elements of g. 

• Let Cix, C£ and Ci^ be respectively the class group of K, the p-class group of K and the 
negative part of the p-class group of K. For any ideal o of K, let us note ctxia), c£{a),c£~ (a) 
be respectively the class of o in C£k, Ci and C£~. 

• A prime q is said p-principal if the class ciK{(\K) G CIk of any prime ideal qx of Zk above 
q is the pth power of a class, which is equivalent to qx = (^^{ct), for an ideal a of if and an 
a (z K^ . This contains the case where the class clxiqK) is of order coprime with p. 

• For any a (z K and prime ideal qx of K, we use the pth power residue symbol notation 

• We will adopt in the sequel the following notations for an hypothetic counterexample to 
FLT2. We say that FLT2 would fail for (p, x, y, z) if we had 

xV + yP + z^ = 0, 

with x,y, z & ^\{0} pairwise coprime and p dividing y. 

1.2 Main results 

Let g be a prime dividing (^,yf(y,l)(z+x)^ ^^^'^ 1^ ^^ ^^^ prime ideal of K over q. We obtain 
the p-power residue symbols relations (see theorem 12. 4p 

As an application, we prove that: if Vandiver's conjecture fails for p then g is a p-principal prime 
(see theorem 12. 5p . 

Similarly, let g be a prime dividing dividing Jx- )( -l)(z-x)^ ^^^*^ 1^ ^^ ^^^ prime ideal 
of K over q dividing (xC, — y){zC, — y){x( — z). We give an explicit formula for the p-power 
residue symbols (f^)^ for all k with 1 < A; < ^^, where e^ is the cyclotomic unit given by 
e;, =: ((i-fc)/2 . l+£l (see theorem EZD- 

This article is a complement to the article [GQ] dealing with Strong Fermat's Last Theorem 
conjecture (SFLT) and article [Que] dealing with second case of Strong Fermat's Last Theorem 
conjecture (SFLT2). 



2 Detailed results and proofs 

We give at first a general lemma. 

Lemma 2.1. Suppose that FLT2 fails for (p, x, y, z) with p\y. If q ^ p satisfies 

y = mod q and x + z ^ mod q, 
then q — 1 = mod p^ . 
Proof. 

• From Barlow-Abel relations 

rP 4- 7P 

x + z = p ^ %' — \ — = PVii y = -p 2/02/1, i^ > 1, 

• Suppose that q\ ^^t_l with p prime to k and search for a contradiction: let q^^ be a prime 
ideal of Z^ lying over q. From q\y and the Barlow-Abel relation x + y = Zq, we have 

(j^\ ^ ( x + y \ ^ ^4_\ 



\qK''K V qK Jk Vq^/x 
Similarly (-^] = 1, so x^^-^^/p - z'^^-'^^p = mod qx- We get 



X 



{9-i)/p _ 2(<?-i)/p and g I x^ + z^. 



If we suppose k = ^-— prime to p, we have k = ^-— even and x'^ = {—z)'^ mod q and 
x^ = (— ^;)^ mod q, thus g | x + 2; by a Bezout relation between p and n (absurd). 



2.1 On the primes q dividing 



D 

(xP+yP)(yP+zP){zP+xP) 
{x+y){y+z){z+x) 



1. We assume that FLT2 fails for (p, x, y, z). This section contains some general strong proper- 
ties of the primes q dividing (x+ )( +1) z+x)^ complementary to Furtwangler's theorems. 
Here, we don't assume that q is p-principal or not, thus this subsection brings complemen- 
tary informations to corollary 2.7 of [Que]. 



2. Let us define the totally real cyclotomic units 

v.a=:&^''^"-^-^, l<a<p-l, 

where this definition implies wi = 1. Recall that the cyclotomic units of K are generated 
by the Wa for 1 < a < |. We have Wa = —Wp-a- indeed we have Wa = Q^~"->i'^ ■ -j^f^ and 

Lemma 2.2. Assume that FLT2 fails for {p,x,y,z) with p\y . Let qx be a prime ideal of Zk 
such that x( + y = mod qx (or z(^ + y = mod qx)- Then 

fl = 1 mod p and ( — ) = ( — ) = ( ) = 1. 

Vqx/i^ ^qx-'K \ qx ''k 

Proof. 

• Suppose that x(^ + y = mod qx- We have q\z, so g = 1 mod p^ from First Furtwangler's 
theorem, so (-^) = 1 and (-^) = (-^) , so (^) = (^) , so 

p^P-^ylx {xl\ 

^ ^) =(^) with i/G N>i, 

qK 'K \qK'K 



from Barlow-Abel relations, and finally ( ^ I = 1. In the other hand, we have 

x-,y = zl = x(\-Q = [x-,z){\-Q= p^'-'-^liX - C) mod q^, 
so 

1-^^ 1. 



V qK JK 

Suppose that ^(^ + y = mod qx- The proof is similar with z in place of x. 



U 



Lemma 2.3. Suppose that FLT2 fails for {p,x,y,z) with p\y . Let q ^ p be a prime and qx be 
a prime ideal of Zk over q. Then we have for k = 1, . . . ,p — 2: 

1. If qK divides xC + y then (^)^ = (^)^- 

2. IfqK divides z^ + y then (^)^ = (^)^- 

3. If qK divides xQ + z and p \ y then {^\ (^)^ = {^\. 



Proof. 

1. From x( + y = mod qx we get 

x + C''y = x{l - C''^^) mod qx, k = l,...,p-2. 
thus 

^ = — —- mod qx, tor k = 1, . . . ,p - 2. 

In the other hand, tu^+i = Q^~^^^^'>''^ ■ ~^^ is a totally real cyclotomic unit, so 
= Wk^iC,^'"^ mod qx, for A; = 1, ... p — 2, 



so 



qii- ^K V qx //cV q/^ Jx 
because x + y G i^^^ and finally 



) foT k = 1, . . . ,p — 2, 



for fc = 1, ... ,1? — 2, 
qx ''K \ qx 'K 

because (7 = 1 mod i? obtained by the first Theorem of Furtwangler. 

2. The proof is similar to item 1. with z in place of x. 

3. In that case we have x + z = p'^^'^y^ with u > and so x + z € p^^^K^'^ and J>^|(Z — 1 as 
proved in lemma [27T1 

D 



Theorem 2.4. Assume that the second case of FLT fails for (p, x, y, z) with p\y. Let q he a prime 
-<^-^9 ^ (or ^ or ^J. Let 
+ y or xC, + z). 
If the p-class ci{qx) G C£^ we have: 



dividing ^^,^ (or ^ ^,^ or ^^if-J- Let qx be the prime ideal of Zx over q dividing xC, + y (or 
zC, + y or xC, + z). 



1. The prime q satisfies the congruence q = l mod p"^ . 

2. qx satisfies the following power residue symbols values: 

(a) If q_ft:|xC + y (or zQ + y) then 



( — ) =( ) = ^ for j = I, . . . ,p — 1. 



\qx^K \ qx 'K 



( — I =( ] for j = l,...,p-l. 



(b) If c\k\xC + z then 

(c) If Vandiver's conjecture holds for p, the prime q is p-principal. 
Proof. 

• If qI ^x+v ^x+v ' from Furtwangler's First theorem, we get q = I mod p^. We derive that 
f — I =1 and from lemma [2?2] that f -^ ) = 1. If q\ ^ "!"^ then, o = 1 mod p^ from 
lemma \27i[ which proves item [I] of the statement. 

• Suppose q\-^. 

— From previous lemma [2^ we have 



and also, with p — A; in place of A;, 



) =( — ) for p — /c = 1, . . . ,p — 2, 

(\K 'K V qx )k 

so 

^S&) =C^^^}<^\ forp-fc = l,...,p-2, 
qi^ /i^ V q^ y^ 

For 2 <k <p — 2, we can write 

with a € K^'P, pseudo-units Af^jB^ verifying ^^~^ € X^^ and -B^~^ G X^^ where 
we recall that Sk is the Q-isomorphism s^ : (^ — t- (^ of -R'. Let ( t-^ ) = C*") we get 



<-' ^ / ^-^ 



so 



S-l{qK)^K ^S- 



Ak 









and so Ls%k) ).. = C'"- But c^(qx) G Cr, so (qi^s_i(qx))"Zx = /3Zx with 



/3 G Zx and a certain integer n coprime with p. Then 

Ak. \ (A 



because A^ is a p-primary pseudo-unit (for instance by apphcation of Artin-Hasse 
reciprocity law), so tf = and \-^\ =1- 

- We get ^gl^ G Al X K-^ so 

(2) (-_±^\i-_±^:S\ for fc = 2,...,p-2. 

V qx / V qx )k 

which leads to 

^'=+^^ -(^v-k^^\ forfc = 2,...,p-2. 



qi^ /ii- V ^K ^K 
We have seen above that Wk+i = — Wp-fc-i so 



, , . , for A; = 2, . . . ,p — 2. 

V qi^ /K V (\K 'K 

Then, gathering these relations involving the units ti7yt-|_i, tUp_fc_i, ti7p_,fc+i, we get 



^p-fc+l\ _ f^p-k-l 



for /c = 2, . . . ,p — 2. 



Starting from fc = 2 we get for fc = 2, 4, . . . , p — 3, 



qx ^i^ ^ qi^ 'K Vq^/i^ 

because we get directly ( '^£^ \ = l from its definition. Starting from A; = 3 we get 
for fc = 3, 5, . . . ,p — 2, 

/ ZUp-2 \ _ / tX7p-4 \ _ _ f'^\ _ , 

\ qK ^K \ qx ^K ^qK^K ' 



because we get directly I ^ I =1 from its definition. Therefore we get 

( — ^1 = 1 for i = 1, . . . ,p — 1. 
\qK^K 



So, we get 

•1-cS /1-C 



qx 'K \ qx 'K 
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f or i = 1 , . . . , p — 1 . 



and finally we find again [-f-j = ( -5-^ ) , seen in lemma 12. 2[ 

From lemma [2^2] we have also I —-^ ) = 1 if qxla^C + V (or (\k\zC + y), which proves 
Item 2. a for q\ ^"[^^fJlf+'^f • 
— If Vandiver's conjecture holds for p the p-primary units corresponding to Ci" are 
all generated by the Wi, i = 1, . . . , ^^. Therefore, the result ( ^ ) = 1 for i = 

1, . . . , p—1 obtained and the assumption that ci{qK) £ C£~ imply that c\k is p-principal 
(application of the decomposition and reflection theorems in the p-Hilbert class field of 
K), if not it should be possible to find some integers ni, . . . , n(p_3)/2 ^ mod p, such 

that the p-primary unit w = Y[i=i ^?' verifies (^) 7^ 1; contradiction which 
proves item 2.c for q\ (^F wL_ ) ■ 

• Suppose at last that g| ^^1]^ : If c\k\xC + z and p \ y then 



^KJK 






(seen in lemma [231 item 5.) and similarly 

x + C,P-^z \ /p\ _ /mp_k+i\ 



so we get again the relation ([T]) 



x+CP- 



V ciR- )k' 



(\K ^K ^ qx 



In the other hand ^.J^Jk = C^ where A is also a p-primary pseudo unit with A^-^"*"^ € 
^xp_ Then the end of the proof is similar to the previous cases q\ /^l 1(1 , ) taking into 
account that we know that P^Iq — 1, so ( ^ 1 =1, which proves items 2b. and 2c. of the 
statement if q\ ^ ~\^ . 

^ I x + z 

n 

Remark 1. In the case of an hypothetic solution {x,y,z), p\y of the FLT2 equation, for the 
primes q with c£{qK) S Ci~ and c\k\xC + y (or zC + y), the theorem 12.41 can be considered as 
a reciprocal statement to corollary 2.7 of [Que] in which {u,v) = {x,y) or {z,y) for x,y,z, p\y 
hypothetic solution of the Fermat's equation. In particular, we have proved: 

Theorem 2.5. AssuTne that Vandiver's conjecture holds for p and that the second case of FLT 
fails for {p, x, y, z). Then all the primes q^ p dividing (x+ M +^z']lz+x)^ ""^^ p-principal. 



2.2 Some properties of the primes q dividing (x- M -l)(z-x)^ 

1. We assume that the second case FLT2 fails for (p, x, y, z) with p\y. This subsection contains 
some general properties of decomposition of the primes q dividing -^^ — (x- ){ -zYz-x") — ^"^ 
certain p-Kummer extensions. Here, we don't assume that q is p-principal or not, thus this 
subsection brings complementary informations to SFLT2 corollary 2.5 in [Que]. Note that, 
here, Furtwangler's theorems cannot be applied to these primes q, so we cannot assume that 
p'^ divides q — l- 

2. Let us define the totally real cyclotomic units 
where we note that ei = 1 and that 

Lemma 2.6. Suppose that FLT2 fails for {p, x, y, z) with p\y . Let q ^ p be a prime and c\k be 
a prime ideal of Zk over q. Then we have for k = 1, . . . ,p — 1: 



1. If okIxC — y then , „ , ,„,,„,- 

Proof. 

1. From xC — y = mod qx we get 

x + C''y = x(l + C''^^) mod qK, k = l,...,p-l. 

thus 

x + C'y 1 + C'+' A f I. ^ 

~ mod qx, ior k = 1, . . . ,p — 1. 



x+y 1+C 

9 i-hc^ a. , - /-(l-(fc+l))/2 . 1± 



In the other hand, for 1 < A; < p — 2 then e^+i = C^^ ('«+i))/2 . ^+^ ig a totally real 



cyclotomic unit, so ^^]^^ = efc+iC'^'^ mod qA', A: = 1, . . .p — 1, and finally 



\ qK ^K \ qK 'K \ qx 
because x + y e K^p. H 



V Oft- /kV q,^ Jk 



We don't know here if p^|q — 1. 



dividing ^^Zy (or ^~l )■ Let qx be the prime ideal of Zk over q dividing xC, — y (or zC, — y). 



2. The proof is similar with z in place of x. 

3. In that case we have x + z = p'^^^^y^ with u > and so x + z € p'^K^P. 

D 

Theorem 2.7. Suppose that the second case of FLT fails for {p, x, y, z) with p\y. Let q be a prime 
dividing ^ ~^ (or ^ ~^ ). Let (\k be the 
Assume that the p-class cI{(\k) £ Cl~ . If] 

1. If p^ )( q — 1 then q is non p-principal and satisfies 

and 

for I < k < . 



2. If p'^l q — 1 then q satisfies 

r'^ + C' 



= lforj = l,...p- 1. 
qx ^K 

Proof 

1. Let us suppose at first that p'^ J( q — 1: we know that q is non p-principal, if not it should 
imply p'^\q — 1 from corollary 2.5 in [Que]. 

(a) From previous lemma [2^ we have 

(4) r-^^) =(^) (^) forfc = V^^.„-2. 

V q^ /A- \ qK ^K\ qx ^k 

and so, with p — k m. place of k, 

V qx Jk \ qx ^K\ qK )k 

(b) With the same proof as in thm 12.41 we get 

(6) /^^+C!^^ /x + C^x fo^ ^^2,...,p-2, 
^ qK ' ^ qK ^K 

which leads from ^ and (j5]) to 

(7) {"^^ ={^) (^) forfc = 2,...,p-2. 
\ qx ^K \qK^K\ qx 'k 



^As soon as Vandiver's conjecture is true for p, this assumption is verified. 
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(c) In the other hand, from ([3]) we have 

(8) Cp-fc-i = Cfc+i : 
From ([7]) and ^ we derive that 

(9) ('J^^^) =fO r^^^^) fork=2,...,p-2. 



C\K ^K \qK ''K\ C\K ^K 

(d) We get for the even values k = 2k' 



(\K ^K V (\K ^k\ (\k ^K 



t ^p-2k'-l 



for Kk' < 



Observing that gp-i = 1, so ( ^?-^ j = 1 we get inductively 

^HzH^) =flrl^ (!£^) forik' = l,2,...,^ 
qK 'k \ qK 'k\ (\K 'k ' ' ' 2 ' 

so 



(e) We get for the odd values k = 2k' + 1 



V qx //^ V qx ^^^ qii- ^^ 

so 

/ ep-2fc' \ ^ / C^^'+S / ep-2fc'-2 \ ^^^ ^, ^ p-3 ff-5 ^ 
\ c{K ^K \ qx ^k\ qK )k °^ 2 ' 2 "■' ' 

Observing that ei = 1, so f ^ J = 1 we get for k' = 2^, so 2A;' + 1 = p — 2, 

(ii) = (£!) (ii , 



and for k' = ^^ 



and so on. 



11 



(f) Let us define k" := ^ k\ we get 

2k + 1 = p — 2k , for k = — - — , . . . , 1 corresponding to k = 1, . . . , — - — . 
It follows that 

qx )k V q;^ Jk\c\k^k 2 ' 2 '"■' ' 

so 



(- 



q^- /k \ qx /A' 2 

-) ={- ) forl<fc'<- 

qK ^K \ qx Jk 2 



qx 'K \ qx 'K I 

so 

f^-^^l ={- ) for 1 < fc' < -^ 



and finally 

j^^^^-^ ) = ( ^- ) for 1 < A:' < 



^1^) =f^^— ) forl<fc'<^^. 
qx ^K \ qx Jk 2 

2. Let us suppose that q^l mod p^: then ( ^ ) =1 and from relation ([9]) we get 



£p-fc-l\ f^p-k+l 



qx 'K \ qx 'K 



ioi k = 2,...,p-2. 



In the other hand we have ( ^?-^ ) = ( t^ ) =1 and so 

(—) =lioT j = l,...,p-l. 

qx Jx 

1 + C^ 



A straightforward computation shows that ( — '-^ — I = I — ^ I and we derive that 



1, 



qx 'K 
and finally that 



\ qx 'K 
which achieves the proof for i?'\q — 1. 



'l + C-^'i 

— 1 for J = 1, ... ,p — 1. 
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